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We study the conditions under which a Kählerian structure (G, J ), of general natural lift
type on the tangent bundle TM of a Riemannian manifold (M, g), studied in [S. Drut¸a˘,
V. Oproiu, General natural Kähler structures of constant holomorphic sectional curvature
on tangent bundles, An. St. Univ. “Al.I. Cuza” Mat. 53 (2007) 149–166], is Einstein. We
found three cases. In the ﬁrst case the ﬁrst proportionality factor λ is expressed as a
rational function of the ﬁrst two essential parameters involved in the deﬁnition of J and
the value of the constant sectional curvature c of the base manifold (M, g). It follows that
(TM,G, J) has constant holomorphic sectional curvature (Theorem 8). In the second case
a certain second degree homogeneous equation in the proportionality factor λ and its ﬁrst
order derivative λ′ must be fulﬁlled. After some quite long computations done by using the
Mathematica package RICCI for doing tensor computations, we obtain an Einstein Kähler
structure only on (T0M,G, J ) ⊂ (TM,G, J), where T0M denotes the subset of nonzero
tangent vectors to M (Theorem 9). In the last case we obtain that the Kählerian manifold
(TM,G, J) cannot be an Einstein manifold.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
The tangent bundle TM of a Riemannian manifold (M, g) has many nice geometric properties, and furnishes important
examples arising in various geometric classiﬁcations.
It is well known (see [12,14,15]) that the splitting of the tangent bundle to TM into the vertical and horizontal distri-
butions, deﬁned by the Levi-Civita connection of g on M , and the corresponding Sasaki metric lead to an almost Kähler
structure on TM . Moreover, the possibility to consider vertical, complete and horizontal lifts, and more generally, the lifts
of natural type (see [2–4]) on TM leads to interesting geometric structures, studied in the last years, and to interesting
relations with some problems in Lagrangian and Hamiltonian mechanics.
The ﬁrst author has studied some properties of a natural lift G , of diagonal type, of the Riemannian metric g and a
natural almost complex structure J of diagonal type on TM (see [7–9], and see also [10,11]). The condition for (TM,G, J)
to be an Einstein Kähler manifold leads to the conditions for (M, g) to have constant sectional curvature, and for (TM,G, J)
to have constant sectional holomorphic curvature or to be a locally symmetric space.
In the paper [6], the ﬁrst author has presented a general expression of the natural almost complex structures on TM .
In the deﬁnition of the natural almost complex structure J of general type there are involved eight parameters (smooth
functions of the density energy on TM). However, from the condition for J to deﬁne an almost complex structure, four of
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for J , we get (beside the condition for the base manifold to be of constant sectional curvature) that two other parame-
ters involved in the deﬁnition of J can be expressed as functions of other two essential parameters and their ﬁrst order
derivatives. A Riemannian metric G which is a natural lift of general type of the metric g depends on six parameters. From
the conditions for G to be Hermitian with respect to J , one gets that these six parameters can be expressed with the help
of the ﬁrst eight (four) parameters involved in deﬁnition of J and two proportionality factors. Thus a natural Hermitian
structure (G, J ) of general type depends on four essential parameters (two essential parameters involved in the deﬁnition
of the integrable almost complex structure J and two proportionality factors). From the condition for (G, J ) to be almost
Kählerian, we get that the second proportionality factor is the derivative of the ﬁrst one. The family of natural Kählerian
structures (G, J ) of general type on TM depends on three essential coeﬃcients (two are involved in the expression of J ,
and the third one is the ﬁrst proportionality coeﬃcient).
In the present paper we study the conditions under which the Kählerian manifold (TM,G, J) is Einstein. After some
quite involved computations we found three cases. In the ﬁrst case the ﬁrst proportionality factor is expressed as a rational
function of the ﬁrst two essential parameters, and the value of the constant sectional curvature of the base manifold (M, g).
It follows that (TM,G, J ) has constant holomorphic sectional curvature. In the second case we obtained a second order
homogeneous equation in the proportionality factor λ and its ﬁrst order derivative λ′ . Expressing λ′ as a function of λ and
the remained parameters, we were able to show, after quite long computations, that the manifold T0M ⊂ TM consisting of
nonzero tangent vectors to M is an Einstein Kähler space. In the third case we obtained an expression which cannot be zero
(in fact it is always positive), so this case lead to no Einstein Kähler structure. Some quite long computations have been
done by using the Mathematica package RICCI for doing tensor calculations.
The manifolds, tensor ﬁelds and other geometric objects we consider in this paper are assumed to be differentiable
of class C∞ (i.e. smooth). We use the computations in local coordinates in a ﬁxed local chart but many results may be
expressed in an invariant form by using the vertical and horizontal lifts. The well-known summation convention is used
throughout this paper, the range of the indices h, i, j,k, l, r being always {1, . . . ,n}.
2. Preliminary results
Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its tangent bundle by τ : TM −→ M . Recall
that TM has a structure of a 2n-dimensional smooth manifold, induced from the smooth manifold structure of M . This
structure is obtained by using local charts on TM induced from usual local charts on M . If (U ,ϕ) = (U , x1, . . . , xn) is a local
chart on M , then the corresponding induced local chart on TM is (τ−1(U ),Φ) = (τ−1(U ), x1, . . . , xn, y1, . . . , yn), where the
local coordinates xi, y j, i, j = 1, . . . ,n, are deﬁned as follows. The ﬁrst n local coordinates of a tangent vector y ∈ τ−1(U )
are the local coordinates in the local chart (U ,ϕ) of its base point, i.e. xi = xi ◦ τ , by an abuse of notation. The last n local
coordinates y j, j = 1, . . . ,n, of y ∈ τ−1(U ) are the vector space coordinates of y with respect to the natural basis in Tτ (y)M
deﬁned by the local chart (U ,ϕ).
Due to this special structure of differentiable manifold for TM , it is possible to introduce the concept of M-tensor ﬁeld
on it (see [5]).
Denote by ∇˙ the Levi-Civita connection of the Riemannian metric g on M . Then we have the direct sum decomposition
T TM = V TM ⊕ HTM (1)
of the tangent bundle to TM into the vertical distribution V TM = Kerτ∗ and the horizontal distribution HTM deﬁned by ∇˙ .
The set of vector ﬁelds ( ∂
∂ y1
, . . . , ∂
∂ yn ) on τ
−1(U ) deﬁnes a local frame ﬁeld for V TM and for HTM we have the local frame
ﬁeld ( δ
δx1
, . . . , δ
δxn ), where
δ
δxi
= ∂
∂xi
− Γ h0i
∂
∂ yh
, Γ h0i = ykΓ hki,
and Γ hki(x) are the Christoffel symbols of g .
The set ( ∂
∂ y1
, . . . , ∂
∂ yn ,
δ
δx1
, . . . , δ
δxn ) deﬁnes a local frame on TM , adapted to the direct sum decomposition (1). Remark
that
∂
∂ yi
=
(
∂
∂xi
)V
,
δ
δxi
=
(
∂
∂xi
)H
,
where XV and XH denote the vertical and horizontal lift of the vector ﬁeld X on M respectively. We can use the vertical
and horizontal lifts in order to obtain invariant expressions for almost all results in this paper. However, we should prefer
to work in local coordinates since the formulas are obtained easier and, in a certain sense, they are more natural.
Consider the energy density of the tangent vector y with respect to the Riemannian metric g
t = 1
2
‖y‖2 = 1
2
gτ (y)(y, y) = 12 gik(x)y
i yk, y ∈ τ−1(U ). (2)
Obviously, we have t ∈ [0,∞) for all y ∈ TM .
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local chart on T ∗M, where g0i = gki yk, then u = 0, v = 0.
Denote by C = yi ∂
∂ yi
the Liouville vector ﬁeld on TM and by C˜ = yi δ
δxi
the similar horizontal vector ﬁeld on TM . Con-
sider the real valued smooth functions a1,a2,a3,a4,b1,b2,b3,b4 deﬁned on [0,∞) ⊂ R. A natural almost complex structure
of general type on TM , deﬁned by the Riemannian metric g , is obtained just like the natural 1-st order lifts of g to TM are
obtained in [3].
Theorem 2. The natural tensor ﬁeld J of type (1,1) on TM, given by⎧⎪⎪⎨
⎪⎪⎩
J
δ
δxi
= a1(t) ∂
∂ yi
+ b1(t)g0iC + a4(t) δ
δxi
+ b4(t)g0i C˜,
J
∂
∂ yi
= a3(t) ∂
∂ yi
+ b3(t)g0iC − a2(t) δ
δxi
− b2(t)g0i C˜,
(3)
deﬁnes an almost complex structure on TM, if and only if a4 = −a3 , b4 = −b3 and the coeﬃcients a1,a2,a3,b1,b2 and b3 are related
by
a1a2 = 1+ a23, (a1 + 2tb1)(a2 + 2tb2) = 1+ (a3 + 2tb3)2. (4)
Remark. From the conditions (4) we have that the coeﬃcients a1,a2,a1 + 2tb1,a2 + 2tb2 cannot vanish and have the same
sign. We assume that a1 > 0, a2 > 0, a1 + 2tb1 > 0, a2 + 2tb2 > 0 for all t  0.
Remark. The relations (4) allow us to express two of the coeﬃcients a1,a2,a3,b1,b2,b3 as functions of the other four; e.g.
we have:
a2 = 1+ a
2
3
a1
, b2 = 2a3b3 − a2b1 + 2tb
2
3
a1 + 2tb1 . (5)
In the case of TM , the integrability conditions for the almost complex structure deﬁned by J , obtained in [6] are given
in the theorem:
Theorem 3. Let (M, g) be an n(> 2)-dimensional connected Riemannian manifold. The almost complex structure deﬁned by J on TM
is integrable if and only if (M, g) has constant sectional curvature c and the coeﬃcients b1,b2,b3 are given by:⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
b1 = 2c
2ta22 + 2cta1a′2 + a1a′1 − c + 3ca23
a1 − 2ta′1 − 2cta2 − 4ct2a′2
,
b2 = 2ta
′2
3 − 2ta′1a′2 + ca22 + 2cta2a′2 + a1a′2
a1 − 2ta′1 − 2cta2 − 4ct2a′2
,
b3 = a1a
′
3 + 2ca2a3 + 4cta′2a3 − 2cta2a′3
a1 − 2ta′1 − 2cta2 − 4ct2a′2
.
(6)
Remark. Equivalently, the derivatives of the coeﬃcients a1,a2,a3 can be expressed as functions of a1,a2,a3 and b1,b2,b3.⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩
a′1 =
1
a1 + 2tb1
(
a1b1 + c − 3ca23 − 4cta3b3
)
,
a′2 =
1
a1 + 2tb1
(
2a3b3 − a2b1 − ca22
)
,
a′3 =
1
a1 + 2tb1 (a1b3 − 2ca2a3 − 2cta2b3).
(7)
Remark. The second relation in (5) (or in (4)) is identically fulﬁlled by the expressions b1,b2,b3 in (6).
Remark. In the case where a3 = 0 it follows b3 = 0 too, and we have:
a2 = 1
a1
, b1 = a1a
′
1 − c
a1 − 2ta′1
, b2 = c − a1a
′
1
a1(a21 − 2ct)
(compare with the corresponding expressions from [8] and [13]).
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deﬁned by⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩
G
(
δ
δxi
,
δ
δx j
)
= c1gij + d1g0i g0 j = G(1)i j ,
G
(
∂
∂ yi
,
∂
∂ y j
)
= c2gij + d2g0i g0 j = G(2)i j ,
G
(
∂
∂ yi
,
δ
δx j
)
= G
(
δ
δxi
,
∂
∂ y j
)
= c3gij + d3g0i g0 j = G(3)i j ,
(8)
is almost Hermitian with respect to the general almost complex structure J , i.e.
G( J X, J Y ) = G(X, Y ),
for all vector ﬁelds X, Y on TM . He proved the following result:
Theorem 4. The family of natural, Riemannian metrics G on TM such that (TM,G, J ) is an almost Hermitian manifold, is given
by (8), provided that the coeﬃcients c1, c2, c3,d1,d2 , and d3 are related to the coeﬃcients a1,a2,a3,b1,b2 , and b3 by the following
proportionality relations
c1
a1
= c2
a2
= c3
a3
= λ,
c1 + 2td1
a1 + 2tb1 =
c2 + 2td2
a2 + 2tb2 =
c3 + 2td3
a3 + 2tb3 = λ + 2tμ,
where the proportionality coeﬃcients λ > 0 and λ + 2tμ > 0 are functions depending on t.
Remark. In the case where a3 = 0, it follows that c3 = d3 = 0 and we obtain the almost Hermitian structure considered
in [13]. Remark that the functions used in [13] are slightly different of the functions used in the present paper. Moreover, if
λ = 1 and μ = 0, we obtain the almost Kählerian structure considered in [9].
Considering the two-form Ω deﬁned by the almost Hermitian structure (G, J ) on TM
Ω(X, Y ) = G(X, J Y ),
for all vector ﬁelds X, Y on TM , the second author obtained the following result:
Proposition 5. The expression of the 2-form Ω in the local adapted frame(
∂
∂ y1
, . . . ,
∂
∂ yn
,
δ
δx1
, . . . ,
δ
δxn
)
on TM, is given by
Ω
(
∂
∂ yi
,
∂
∂ y j
)
= 0, Ω
(
δ
δxi
,
δ
δx j
)
= 0, Ω
(
∂
∂ yi
,
δ
δx j
)
= λgij + μg0i g0 j
or, equivalently
Ω = (λgij + μg0i g0 j)∇˙ yi ∧ dx j, (9)
where ∇˙ yi = dyi + Γ i0h dxh is the absolute differential of yi .
Next, by calculating the exterior differential of Ω , he obtained:
Theorem 6. The almost Hermitian structure (TM,G, J ) is almost Kählerian if and only if
μ = λ′.
Thus the family of general almost Kählerian structures on TM depends on ﬁve essential coeﬃcients a1,a3,b1,b3, λ.
Combining the results from Theorems 3, 4 and 6, we obtain that a general natural Kählerian structure (G, J ) on TM
is deﬁned by three essential coeﬃcients a1,a3, λ. However, these coeﬃcients must satisfy the supplementary conditions
a1 > 0,a1 + 2tb1 > 0, λ > 0, λ + 2tμ > 0. Examples of such structures can be found in [13] (see also [9]).
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The Levi-Civita connection ∇ of the Riemannian manifold (M,G) is obtained from the well-known formula
2G(∇X Y , Z) = X
(
G(X, Z)
)+ Y (G(X, Z))− Z(G(X, Y ))
+ G([X, Y ], Z)− G([X, Z ], Y )− G([Y , Z ], X); ∀X, Y , Z ∈ χ(M)
and is characterized by the conditions
∇G = 0, T = 0,
where T is the torsion tensor of ∇ .
In the case of the tangent bundle TM we can obtain the explicit expression of ∇ . The symmetric 2n × 2n matrix(
G(1)i j G
(3)
i j
G(3)i j G
(2)
i j
)
associated to the metric G in the base ( δ
δx1
, . . . , δ
δxn ,
∂
∂ y1
, . . . , ∂
∂ yn ) has the inverse(
Hij(1) H
ij
(3)
Hij(3) H
ij
(2)
)
where the entries are the blocks
Hkl(1) = p1gkl + q1 yk yl, Hkl(2) = p2gkl + q2 yk yl, Hkl(3) = p3gkl + q3 yk yl. (10)
Here gkl are the components of the inverse of the matrix (gij) and p1,q1, p2,q2, p3, q3 : [0,∞) → R, some real smooth
functions. Their expressions are obtained from the property of the matrix H to be the inverse of the matrix G . By using
Lemma 1, we get p1, p2, p3 as functions of c1, c2, c3
p1 = c2
c1c2 − c23
, p2 = c1
c1c2 − c23
, p3 = − c3
c1c2 − c23
(11)
and q1,q2,q3 as functions of c1, c2, c3,d1,d2,d3, p1, p2, p3⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩
q1 = − c2d1p1 − c3d3p1 − c3d2p3 + c2d3p3 + 2d1d2p1t − 2d
2
3p1t
c1c2 − c23 + 2c2d1t + 2c1d2t − 4c3d3t + 4d1d2t2 − 4d23t2
,
q2 = −d2p2 + d3p3
c2 + 2d2t +
(c3 + 2d3t)[(d3p1 + d2p3)(c1 + 2d1t) − (d1p1 + d3p3)(c3 + 2d3t)]
(c2 + 2d2t)[(c1 + 2d1t)(c2 + 2d2t) − (c3 + 2d3t)2] ,
q3 = − (d3p1 + d2p3)(c1 + 2d1t) − (d1p1+ d3p3)(c3 + 2d3t)
(c1 + 2d1t)(c2 + 2d2t) − (c3 + 2d3t)2 .
(12)
Next we can obtain the expression of the Levi-Civita connection of the Riemannian metric G on TM .
Theorem 7. The Levi-Civita connection ∇ of G has the following expression in the local adapted frame ( ∂
∂ y1
, . . . , ∂
∂ yn ,
δ
δx1
, . . . , δ
δxn )
∇ ∂
∂ yi
∂
∂ y j
= Q hij
∂
∂ yh
+ Q˜ hi j
δ
δxh
, ∇ δ
δxi
∂
∂ y j
= (Γ hi j + P˜ hji) ∂∂ yh + Phji δδxh ,
∇ ∂
∂ yi
δ
δx j
= Phij
δ
δxh
+ P˜ hi j
∂
∂ yh
, ∇ δ
δxi
δ
δx j
= (Γ hi j + S˜hi j) δδxh + Shi j ∂∂ yh ,
where Γ hi j are the Christoffel symbols of the connection ∇˙ and Phij , Q hi j , Shi j , P˜ hi j , Q˜ hi j , S˜hi j are M-tensor ﬁelds which can be obtained
from the formula of ∇ , given at the beginning of this section.
Their detailed expressions can be obtained by using RICCI.
The curvature tensor ﬁeld K of the connection ∇ is deﬁned by the well-known formula
K (X, Y )Z = ∇X∇Y Z − ∇Y∇X Z − ∇[X,Y ] Z , X, Y , Z ∈ Γ (TM).
By using the local adapted frame ( δ i ,
∂
j ), i, j = 1, . . . ,n, we obtain, after a standard straightforward computationδx ∂ y
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(
δ
δxi
,
δ
δx j
)
δ
δxk
= X X X Xhki j
δ
δxh
+ X X XYhki j
∂
∂ yh
,
K
(
δ
δxi
,
δ
δx j
)
∂
∂ yk
= X XY Xhki j
δ
δxh
+ X XY Yhki j
∂
∂ yh
,
K
(
∂
∂ yi
,
∂
∂ y j
)
δ
δxk
= Y Y X Xhki j
δ
δxh
+ Y Y XYhki j
∂
∂ yh
,
K
(
∂
∂ yi
,
∂
∂ y j
)
∂
∂ yk
= Y Y Y Xhki j
δ
δxh
+ Y Y Y Yhki j
∂
∂ yh
,
K
(
∂
∂ yi
,
δ
δx j
)
δ
δxk
= Y X X Xhki j
δ
δxh
+ Y X XYhki j
∂
∂ yh
,
K
(
∂
∂ yi
,
δ
δx j
)
∂
∂ yk
= Y XY Xhki j
δ
δxh
+ Y XY Yhki j
∂
∂ yh
,
where the M-tensor ﬁelds appearing as coeﬃcients are obtained in a standard way. In order to obtain the ﬁnal expressions
of the above M-tensor ﬁelds, we have to compute the ﬁrst and second order partial derivatives with respect to the tangential
coordinates yi of the usual tensor ﬁelds involved in the deﬁnition of the Riemannian metric G (including the M-tensor
ﬁelds H). Next, the ﬁrst order partial derivatives with respect to the tangential coordinates yi of the M-tensor ﬁelds Phij ,
Q hij , S
h
i j , P˜
h
i j , Q˜
h
i j , S˜
h
i j can be obtained easily.
Replacing these derivatives and the explicit expressions of the M-tensor ﬁelds Phij , Q
h
ij , S
h
i j , P˜
h
i j , Q˜
h
i j , S˜
h
i j , the expressions
(11), (12) of the functions p1, p2, p3,q1,q2,q3 and of their derivatives we can obtain the components of the curvature
tensor as functions of a1,a2,a3 and their derivatives of ﬁrst, second and third order only. The respective expressions have
been obtained by using the Mathematica package RICCI. It was not convenient to think a1,a2,a3,b1,b2,b3, as well as
c1, c2, c3,d1,d2,d3 and p1, p2, p3,q1,q2,q3 as functions of t since RICCI did not make some useful factorizations after the
command TensorSimplify. We decided to consider these functions as well as their derivatives of ﬁrst, second and third order,
as constants, the tangent vector y as a ﬁrst order tensor, the components G(1)i j , G
(2)
i j , G
(3)
i j , H
ij
(1) , H
ij
(2) , H
ij
(3) as second order
tensors and so on, on the Riemannian manifold M , the associated indices being h, i, j,k, l, r, s.
Now we shall describe some technical aspects leading to the property of (TM,G, J) to be Einstein Kähler. The compo-
nents of Ricci tensor Ric(Y , Z) = trace(X −→ K (X, Y )Z) of the Kählerian manifold (TM,G, J) are given by the formulas:
Ric XY jk = Ric
(
δ
δx j
,
∂
∂ yk
)
= Ric Y X jk = Ric
(
∂
∂ y j
,
δ
δxk
)
= Y Y XYhkhj + XY X Xhkhj,
Ric X X jk = Ric
(
δ
δx j
,
δ
δxk
)
= X X X Xhkhj + Y X XYhkhj,
Ric Y Y jk = Ric
(
∂
∂ y j
,
∂
∂ yk
)
= Y Y Y Yhkhj + XY Y Xhkhj .
From the condition
Ric Y X jk − LG(3)jk = 0,
obtained from the Einstein condition Ric−LG = 0, we get two values for L; the ﬁrst one L = LY X is obtained from the
vanishing of the coeﬃcient of g jk , the second one L = LY X2 is obtained from the vanishing of the coeﬃcient of g0 j g0k .
Similarly, from the condition
Ric X X jk − LG(1)jk = 0,
we get L = LX X and L = LX X2. Finally from the condition
Ric Y Y jk − LG(2)jk = 0,
we get L = LY Y and L = LY Y2. By a direct but quite long computation we obtain
L = LY X = LX X = LY Y ,
and the common value is given by a quite long expression.
Next from the condition LY X2− L = 0 we obtain an equation of the form αn+β = 0, where α and β are quite complicate
expressions depending on a1, a3, λ and their derivatives. The independence of the dimension n of manifold M , obtained
from equation αn + β = 0 implies α = 0, β = 0. From the condition α = 0 we get a quite long expression of λ′′ .
From the condition β = 0 we get another long expression of λ′′′ . Differentiate the above expression of λ′′ , and consider
the equation
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It follows the following relation (without the denominator)(
a21a
′
1λ + 2a1cλ + 2a1a23cλ + a31λ′ − 2a′1cλt − 2a′1a23cλt
+ 4a1a3a′3cλt + 2a1cλ′t + 2a1a23cλ′t
)(
a51a
′
1λ
2 + 2a41a23cλ2 + a61λλ′
− a41a′21 λ2t − 4a31a′1cλ2t − 4a31a′1a23cλ2t + 4a41a3a′3cλ2t
− 4a41cλλ′t + 4a41a23cλλ′t + a61λ′2t + 4a21a′21 cλ2t2 + 4a21a′21 a23cλ2t2
− 8a31a′1a3a′3cλ2t2 + 4a1a′1c2λ2t2 + 8a1a′1a23c2λ2t2 + 4a1a′1a43c2λ2t2
− 8a21a3a′3c2λ2t2 − 8a21a33a′3c2λ2t2 + 4a21c2λλ′t2 + 8a21a23c2λλ′t2
+ 4a21a43c2λλ′t2 − 4a41cλ′2t2 + 4a41a23cλ′2t2 − 4a′21 c2λ2t3 − 8a′21 a23c2λ2t3
− 4a′21 a43c2λ2t3 + 16a1a′1a3a′3c2λ2t3 + 16a1a′1a33a′3c2λ2t3
− 16a21a23a′23 c2λ2t3 + 4a21c2λ′2t3 + 8a21a23c2λ′2t3 + 4a21a43c2λ′2t3
)
× (a31 − 2a21a′1t − 2a1ct − 2a1a23ct + 4a′1ct2 + 4a′1a23ct2 − 8a1a3a′3ct2)= 0
and we have the following three cases, according to the vanishing of each of the three factors from this equation:
I) a21a
′
1λ + 2a1cλ + 2a1a23cλ + a31λ′ − 2a′1cλt − 2a′1a23cλt + 4a1a3a′3cλt + 2a1cλ′t + 2a1a23cλ′t = 0,
II) a51a
′
1λ
2 + 2a41a23cλ2 + a61λλ′ − a41a′21 λ2t − 4a31a′1cλ2t − 4a31a′1a23cλ2t
+ 4a41a3a′3cλ2t − 4a41cλλ′t + 4a41a23cλλ′t + a61λ′2t + 4a21a′21 cλ2t2
+ 4a21a′21 a23cλ2t2 − 8a31a′1a3a′3cλ2t2 + 4a1a′1c2λ2t2 + 8a1a′1a23c2λ2t2
+ 4a1a′1a43c2λ2t2 − 8a21a3a′3c2λ2t2 − 8a21a33a′3c2λ2t2 + 4a21c2λλ′t2
+ 8a21a23c2λλ′t2 + 4a21a43c2λλ′t2 − 4a41cλ′2t2 + 4a41a23cλ′2t2 − 4a′21 c2λ2t3
− 8a′21 a23c2λ2t3 − 4a′21 a43c2λ2t3 + 16a1a′1a3a′3c2λ2t3 + 16a1a′1a33a′3c2λ2t3
− 16a21a23a′23 c2λ2t3 + 4a21c2λ′2t3 + 8a21a23c2λ′2t3 + 4a21a43c2λ′2t3 = 0,
III) a31 − 2a21a′1t − 2a1ct − 2a1a23ct + 4a′1ct2 + 4a′1a23ct2 − 8a1a3a′3ct2 = 0.
In the ﬁrst case (case I) we get easily the following expression of λ′
λ′ = −λa
2
1a
′
1 + 2a1c + 2a1a23c − 2a′1ct − 2a′1a23ct + 4a1a3a′3ct
a31 + 2a1ct + 2a1a23ct
.
Replacing this expression of λ′ in the obtained expression of L we get
L = 2a1c(n + 1)
λ(a21 + 2ct + 2a23ct)
,
from which we can obtain the value of λ
λ = 2a1c(n + 1)
L(a21 + 2ct + 2a23ct)
. (13)
This expression of λ is (up to some change of constants) the same with the expression obtained in [1], in the case of
the natural Kählerian structures of general type on the tangent bundles of constant holomorphic sectional curvature. Such
manifolds are automatically Einstein Kähler. Thus we can state the following result:
Theorem 8. Let (TM,G, J ) be the Kählerian manifold, with G and J obtained as natural lifts of general type of the Riemannian
metric g on the basemanifold M. Assume that the parameter λ is expressed by (13), where L is a nonzero real constant. Then (TM,G, J)
is an Einstein Kähler manifold, i.e. Ric = LG.
Remark. Taking into account of Theorem 3.3 in [1] we remark that the expression (13) of λ implies that the Kählerian
manifold (TM,G, J) has constant holomorphic sectional curvature k = 2Ln+1 .
Remark. In the particular subcase where a3 = 0 and λ = 1 we obtain Theorems 4.2 and 5.1 from [8].
V. Oproiu, N. Papaghiuc / Differential Geometry and its Applications 27 (2009) 384–392 391Case II). The relation obtained in the case II can be thought of as an equation of second order in λ′ . This equation can
be solved easily and we get some quite interesting results related to the property of (TM,G, J ) to be Einstein Kähler. First
of all we shall use the following notation
A =
√
a41 − 4a21ct + 4a21a23ct + 4c2t2 + 8a23c2t2 + 4a43c2t2.
In the case c > 0, the expression under square root can be written in the form(
a21 − 2ct
)2 + 4a21a23ct + 8a23c2t2 + 4a43c2t2 > 0.
In the case c < 0, the same expression can be written in the form(
a21 + 2a23ct
)2 − 4a21ct + 8a23c2t2 + 4c2t2 > 0
and we see that A is real.
Then the solutions of the equation from the case II) are
λ′ = λ
(
− 1
2t
± a
3
1 − 2a21a′1t − 2a1ct − 2a1a23ct + 4a′1ct2 + 4a′1a23ct2 − 8a1a3a′3ct2
2a1t A
)
.
From now on we shall study only the case of the solution with +. Replacing the above expression of λ′ as well as its
derivative λ′′ in the expression of L we get
L = n(a
2
1 + 2ct + 2a23ct − A)
4a1λt
.
Remark that L is deﬁned on the set T0M ⊂ TM of the nonzero tangent vectors. Then, the expression of λ is given by
λ = n(a
2
1 + 2ct + 2a23ct − A)
4a1Lt
. (14)
By using this expression of λ in the condition for (T0M,G, J ) to be an Einstein manifold, we obtain, after quite long
computations the property Ric−LG = 0. Hence we can state
Theorem 9. Let (T0M,G, J ) be the Kählerian manifold, with G and J obtained as natural lifts of general type of the Riemannian met-
ric g on the base manifold M. Assume that the parameter λ is expressed by (14), where L is a nonzero real constant. Then (T0M,G, J )
is an Einstein Kähler manifold.
Remark. In the particular case where a1 = 1, a3 = 0 and assuming that λ = 1, we obtain the main result obtained by the
ﬁrst author in [7] (Theorem 5).
In the last case (case III), replacing a′1,a′3 from (7) we obtain that the ﬁrst member becomes
a41 − 4a21ct + 4a21a23ct + 4c2t2 + 8a23c2t2 + 4a43c2t2
a1 + 2tb1 =
A2
a1 + 2tb1 > 0.
Therefore, in this case, the ﬁrst member of the considered equation is always positive, i.e. the Kählerian manifold
(TM,G, J ) cannot be Einstein.
Remark. In the particular subcase, where a3 = 0 and c > 0, it follows that a1 =
√
2ct and the obtained Kählerian structure is
that deﬁned by the Lagrangian L on T0M studied by the present authors in [10]. Therefore we obtain Proposition 7 in [10],
i.e., (T0M,G, J ) cannot be an Einstein manifold.
General remark. From the above results it follows that TM endowed with a Kählerian structure (G, J ) of general natural
lift type is Einstein if and only if it has constant holomorphic sectional curvature. The subset T0M ⊂ TM becomes Einstein
if and only if the parameter λ is given by (14).
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